Abstract. In this report we show that in a planar exponentially growing network consisting of N nodes, congestion scales as O(N 2 / log(N )) independently of how flows may be routed. This is in contrast to the O(N 3/2 ) scaling of congestion in a flat polynomially growing network. We also show that without the planarity condition, congestion in a small world network could scale as low as O(N 1+ ), for arbitrarily small . These extreme results demonstrate that the small world property by itself cannot provide guidance on the level of congestion in a network and other characteristics are needed for better resolution. Finally, we investigate scaling of congestion under the geodesic flow, that is, when flows are routed on shortest paths based on a link metric. Here we prove that if the link weights are scaled by arbitrarily small or large multipliers then considerable changes in congestion may occur. However, if we constrain the link-weight multipliers to be bounded away from both zero and infinity, then variations in congestion due to such remetrization are negligible.
Introduction
The study of large-scale (complex) networks, such as computer, biological and social networks, is a multidisciplinary field that combines ideas from mathematics, physics, biology, social sciences and other fields. A remarkable and widely discussed phenomena associated with such networks is the small world property. It is observed in many such networks, man-made or natural, that the typical distance between the nodes is surprisingly small. More formally, as a function of the number of nodes, N , the average distance between a node pair typically scales at or below O(log(N )).
In this work, we study the load characteristics of small world networks. Assuming one unit of demand between each node pair, we quantify as a function of N , how the maximal nodal load scales, independently of how each unit of demand may be routed. In other words, we are interested in the smallest of such maximal nodal loads as a function of routing, which we refer to as congestion, that the network could experience. We show that in the planar small-world network congestion is almost quadratic in N , which is as high as it can get, specifically O(N 2 / log(N )). In contrast, for some non-planar small-world networks, congestion may be almost linear in N , namely O(N 1+ ) for arbitrarily small . Since congestion in a network with N nodes cannot have scaling order less than O(N ) or more than O(N 2 ), we conclude that the small world property alone is not sufficient to predict the level of congestion a priori and additional characteristics may be needed to explain congestion features of complex networks. This has been argued in [1, 2, 3, 4, 6, 7, 8, 10] for the case of intrinsic hyperbolicity, which is a geometric feature above and beyond the small world property.
Additionally, we investigate what happens to congestion when we change the link metric that prescribes routing. That is, for a network with edge weight {d e } e∈E we change the metric by a factor 0 ≤ w e ≤ ∞ thus assigning each edge e a new weight w e d e . We explore the extent to which this change in the metric can change congestion in the network. We prove that if we allow the weights to get arbitrarily small or large, i.e. when for some edges, w e approach zero and for some others w e approach infinity, then considerable changes in congestion can occur. On the other hand, if we require the weights to be bounded away from zero and infinity, i.e. when 0 < k ≤ w e ≤ K < ∞ for all edges e, then congestion cannot change significantly. These observations quantify the degree to which remetrization in a small world network may be helpful in affecting congestion.
Traffic on Small World Planar Graphs
As mentioned in the introduction, the small world property is ubiquitous in complex networks. Formally we say that a graph has the small world property if its diameter D is of the order log(N ) where N is the number of nodes in the graph. It has been shown that a surprising number of real-life, man-made or natural, networks have the small world property, see, for example, [14, 15] . To be more specific, assume G is an infinite planar graph and let x 0 be an arbitrary fixed node in the graph that we shall designate as the root. Let us assign a weight 1 to each edge, thus d e = 1 for all edges e, and let G n = B(x 0 , n) be the ball of center x 0 and radius n. In other words a node y belongs to G n if and only of d(x 0 , y) ≤ n. More generally, we can consider weighted graphs where each edge has a non-negative length. We will further assume that the sub-graphs G n have exponential growth, which is clearly equivalent to the small world property, as defined above. More precisely, there exist n 0 and λ > 1 such that
Assume that for every n and every pair of nodes in G n there is a unit of demand between each node pair. Therefore, the total demand in
, is the maximum of T n (v) over all vertices v in G, which is typically a function of the routing R.
The next theorem shows that for a planar graph with exponential growth, there exist nodes with load O(N 2 / log(N )) for n sufficiently large regardless of routing.
Theorem 2.1. Let G be an infinite planar graph with exponential growth. Assume one unit of demand between every pair of nodes in G n . Then for every n there exists a node v ∈ G n such that Proof. Fix n and let P n be the spanning tree of all geodesic (shortest) paths with the node x 0 as the origin, as shown in Figure 1 , left. Observe that since G is small world, all node pairs have distance O(log(N )) and thus each ray from x 0 in P n has length thus bounded.
Enumerate all the paths in P n in clockwise order, possible because of the planarity of G n . Therefore,
and by the small world property each ray
We also know that
There exists i 0 such that |W i 0 | ≥ N/2 and |W i 0 −1 | < N/2 because addition of each γ i adds at most O(log(N )) nodes to W i , and moreover by inequality (2.1) we know that
Let us consider the set G n \ W i 0 . It is clear that all the paths between W i 0 and G n \ W i 0 have to intersect the path γ 1 ∪ γ i 0 . The traffic between W i 0 and
Since this traffic has to pass through γ 1 ∪ γ i 0 at some point then there exists at least one node v in γ 1 ∪ γ i 0 with load at least Figure 1 , right) proving our claim.
Our first claim follows a corollary of the above theorem.
Corollary 2.2. Let G be an infinite planar graph with exponential growth. Then for n sufficiently large there exists a node v ∈ G n such that
where C is a constant independent on n.
Load on a General Small World Graph
It turns out that the planarity property is essential for the existence of highly congested nodes proven above. We now show that in contrast, when G is not planar, congestion can be made to approach O(N ). More explicitly, given > 0 there exists infinite graphs with exponential growth with uniformly bounded degree such that for every node v ∈ G n and n sufficiently large,
Before providing such a construction let us show the following Lemma.
Lemma 3.1. Let G be an infinite graph and let G n be the ball of radius n centered at x 0 as before. Assume moreover that sup v∈G deg(v) ≤ ∆ < ∞. Then for every v ∈ G n the following holds
where
Proof. Let v ∈ G n and define
where the inequality is coming from the fact that if k + l > D then the geodesic path between a node in S k and a node in S l does not pass through v. Hence,
We state the following result due to Bollobas for completeness.
Theorem 3.2 ([9]
). Given r ≥ 3 for N sufficiently large a random r-regular graph X with N nodes has diameter at most diam(X) ≤ log r−1 (N ) + log r−1 (log r−1 (N )) + C where C is a fixed constant depending on r and independent on N .
Now we are ready to show the construction of a small world graph with small congestion. Let > 0 and consider G a infinite k-regular tree where the value of k will be chosen later. Denote by x 0 the root of G and G n = B(x 0 , n) as before. Let G n be the graph constructed by connecting all the nodes in the spheres S p
by a k-regular random graph for every 1 ≤ p ≤ n. Then |S p | = k(k − 1) p−1 and it is clear that using Theorem 3.2 we have that
Note that | G n | = |G n | since we are not adding new nodes. It is not difficult to see
Therefore, using the previous Lemma we see that for every node v ∈ G n
and hence
By taking k sufficiently large depending on we see that T n (v) ≤ N 1+ for n sufficiently large.
The Existence of a Core, Hyperbolicity and Remetrization
In [1, 2, 3, 4, 6, 7, 8, 10] , it has been shown that δ-hyperbolicity implies the existence of a core, that is, a non-empty set of nodes whose load scale as O(N 2 ) under geodesic routing. In Section 2, we proved that planar graphs with exponential growth cannot avoid congestion of order O(N 2 / log(N )) no matter how the routing is performed.
On the other hand, we observed in Section 3 that exponential growth alone is not sufficient to guarantee the existence of such highly congested nodes. Thus, unlike the small world property, δ-hyperbolicity is a sufficient condition for a network to have highly congested nodes. The reverse need not be true, however. It is not difficult to construct non-hyperbolic graphs in which load scales as O(N 2 ). For instance, two square grids in two vertical planes separated by a single horizontal link joining their origins. It is even possible to construct small world graphs with O(N 2 ) load which are not hyperbolic. Let T 3 be the 3-regular infinite tree and let G = T 3 × Z. The graph G is not Gromov hyperbolic since it has Z 2 as a sub-graph. Yet, (x 0 , 0) has traffic of order O(N 2 ) where x 0 is the root of T 3 . It is interesting to note that even tough the graph G is not hyperbolic, it has T 3 as a sub-graph. Examples of small world graphs with load of order O(N 2 ) appear to include hyperbolic sub-graphs. We do not know if this is always true but it seems likely since exponential growth implies existence of an exponentially growing tree sub-graph (e.g., its spanning tree).
We next explore what happens to hyperbolicity when we apply remetrization. More specifically, assume a metric graph G where each edge e has an associated nonnegative distance d e that satisfies the triangle inequality. We modify each edge distance by a factor 0 < w e < ∞ so that the new length of the edge e is w e d e . We also require that the coefficients {w e } e∈E are chosen in such a way that the new edge distances continue to satisfy the triangle inequality and thus constitute a metric.
To determine if O(N 2 ) scaling of congestion persists after remetrization, let us start with a δ-hyperbolic graph and modify the edge metric according to the above scheme. Does remetrization ensure another δ -hyperbolic graph? We show below that this is not the case and thus remetrization can significantly affect the congestion scaling in the graph, unless the weights w e are bounded away from zero and infinity.
Theorem 4.1. For any δ-hyperbolic graph, δ > 0, remetrization can change its scaling of congestion unless the (remetrization) multipliers are uniformly bounded away from zero and infinity.
Proof. We shall prove the result for regular hyperbolic grids embedded in H n and then appeal to the quasi-isometry of all δ-hyperbolic graphs with these reference graphs (see [20] ) to complete the proof. To simplify exposition, we focus on dimension 2 only, since the argument carries through similarly for higher dimensions. Let G = H p,q be a regular tessellation of the Poincáre disk with 1/p + 1/q < 4, p, q < ∞. H p,q may be viewed as a (hyperbolic) grid where each node has (the same) degree q and each face has (the same) p sides, Figure 2 depicts H 3,7 . Note that in the case that p = ∞ the graph G is a q-regular tree and is thus 0-hyperbolic regardless of any metrization. Let x 0 be the node at the center of the disk and let S k be the set of nodes in G at distance k from x 0 . Note that the sub-graph induced by the set S k is a cycle C N (k) with N (k) nodes. Let us denote this graph also by S k . It is not difficult to see that there exists a sequence {w k } k≥1 such that w k → 0 exponentially fast so that if we remetrize every edge in S k by the constant w k then the induced graph is not hyperbolic since it will be quasi-isometric to the Euclidean grid Z 2 . It was observed in [1] and then proved in [3] , that the nodes in Z q have congestion of the order O(N 1+1/q ). Therefore, the nodes in the new graph have a congestion of the order O(N 3/2 ).
We observe that the above construction used arbitrarily small weights. More precisely, given > 0 there are infinitely many weights in this construction such that w e < . It is not hard to see that the same construction is possible with arbitrarily large weights instead of small weights. However, if we restrict these weights so that there exist positive constants k and K such that k ≤ w e ≤ K for all e ∈ E, (4.1)
then the original and the remetrized graphs are indeed quasi-isometric. Therefore, by a result of Gromov, see [11, 12] , if one graph is hyperbolic so is the other and thus O(N 2 ) is unaffected by the said change of metric.
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